Abstract. Jordan algebras are the most natural type of algebras associated with finitely additive measures. Some consequences of this class of algebras are found. In particular, the questions of, what is the nature of the σ-algebra generated by the Jordan algebra? when the Jordan algebra includes the Borel σ-algebra? and when the Jordan (measure) algebra is complete? are answered.
Introduction
The concept of Jordan measure was first introduced by Giuseppe Peano (1858 Peano ( -1932 [17] and Camille Jordan (1838 Jordan ( -1922 [13] , independently. This type of measure plays a crucial role in developing Measure Theory. It has extended the notions of length, area and volume. This measure is defined on bounded subsets of a Euclidean space R n which has the property that a set in R n is Jordan measurable iff its boundary has (Lebesgue) measure zero. Based on this many mathematicians, including [2] , defined the Jordan measurability of a subset on arbitrary topological measure space as: A subset A of a measure space (X, σ(τ ), µ) is Jordan measurable iff µ(∂(A)) = 0, where ∂ stands for the topological boundary of a set. For a topological space X, the family of all Jordan measurable subsets forms an algebra of sets. Such an algebra is called the Jordan algebra and denoted by J (X) or briefly J , for more details see [2, Chapter 3] . In [3] , Armstrong obtained many results on Jordan algebras (under the name of Jordan fields) based on the work of Maharam [15] , where the underlying space is the Stone space of a Boolean algebra. He gave a good characterization on when the Jordan field forms a σ-algebra. In this note, we present a parallel result on Jordan algebras of a more general class of topological spaces. Furthermore, we find some properties under which the Jordan algebra J (resp. the σ-algebra generated by it, σ(J )) contains the Borel σ-algebra B. We also study completeness of the Jordan measure algebra J µ (resp. the σ-algebra generated by it, σ(J µ )).
Let (X, τ ) be a given topological space and let A ⊆ X. The notations (A) and (A) are, respectively, the interior and the closure of A. A subset A of (X, τ ) is nowhere dense if ((A)) = ∅. A meager set is a countable union of nowhere dense sets. A set A ⊆ (X, τ ) is regular closed if A = ((A)). A subset A of (X, τ ) is called G δ if it is a countable intersection of open subsets of X. A space (X, τ ) that has a countable dense subset is called separable. A space (X, τ ) is called a second countable space if it has a countable base. A space (X, τ ) is completely regular, if for every closed set F in X and every point x ∈ X with x / ∈ F , there exist a continuous function f : X → [0, 1], such that f (x) = 0 and f (F ) = 1.
Let X be a set and let F be a nonempty family of subsets of X. The smallest σ-algebra containing all the sets in F is called the σ-algebra generated by F and is denoted by σ(F). For (X, τ ), the Borel σ-algebra B = σ(τ ) is the σ-algebra generated by open sets in X, and the Baire σ-algebra B 0 is the σ-algebra generated by all compact G δ subsets of X. A Boolean algebra is called complete if every subset of it has a supremum.
The Borel measure µ is a σ-additive measure defined on the Borel σ-algebra σ(τ ) of a space X. Null sets are sets of measure zero.
A measure µ on a topological space (X, τ ) is called The support of µ, denoted by supp(µ), is the set of all points x ∈ X for which every open set U containing x is of positive measure. µ is a strictly positive measure on X if supp(µ) = X.
Throughout this note, by the term "measure" we mean a finite Borel measure on arbitrary topological space (X, τ ).
Jordan Algebras
In general, neither Jordan algebra J nor the σ-algebra generated by it, σ(J ), include the Borel σ-algebra B, see Example 1, but the latter does contain the Baire σ-algebra B 0 . Namely, for any topological space X, σ(J ) includes B 0 , [15, Theorem 1(5)]. For those topological spaces that have B = B 0 , σ(J ) includes B. This is the situation as in R n , see [12, Theorem 2] . In this section we find some properties under which J and σ(J ) contain B.
Example 2.1. Let X be the space of ordinal ω 1 + 1 with the usual order topology. For every Borel set A, define a measure µ by
Then, by the remark on page 171 in [15] , J and σ(J ) is identical to B 0 . The singleton {ω 1 } is Borel because it is closed. But it is not Jordan as µ(∂({ω 1 })) = 1.
Definition 2.2. [4]
A measure µ on some topological space (X, τ ) is said to be residual if µ(N ) = 0 for every nowhere dense subset N of X. Proof. Assume that µ is residual. Let E be a Borel measurable subset X. Clearly E \ Int(E) is Borel and does not contain any open set. By outer regularity of µ,
But every compact subset K ⊆ E\Int(E) is nowhere dense and so µ(K) = 0 by assumption. Therefore µ(E\Int(E)) = 0. Hence µ(E) = µ(Int(E)). By the same way above, using inner regularity, one can obtain µ(E) = µ(Cl(E)). Thus µ(∂(E)) = 0, which shows that E is Jordan measurable.
The converse can be followed from [ From the above two results we conclude the following:
Theorem 2.5. If µ is nontrivial nonatomic uniformly regular Radon measure on a compact Hausdorff space X, then J is only an algebra of sets. In particular, J neither includes the Baire σ-algebra nor the Borel σ-algebra. Definition 2.6. [8] Let µ be a Radon measure on a compact Hausdorff space X and µ 0 its restriction to the Baire algebra of X, and letμ be the completion of µ 0 . µ is said to be completion regular if every Borel subset of X iŝ µ-measurable.
Remark 2.7. In [3, Propsition 2.3] Armstrong proved that for a regular measure µ on a compact Hausdorff space, the Jordan algebra includes the Borel σ-algebra if and only if µ is completion regular. But this is not the case, the product measure λ on the product space {0, 1}
ω is completion regular [10, 417J] 
Proposition 2.1. Let µ be a strictly positive uniformly regular measure on a space X. Then X is separable.
Proof. Let K = {K n : n ∈ N} be a family of compact G δ subsets of X that makes µ uniformly regular. For every K n choose an element x n ∈ K n . Set D = {x n : n ∈ N}. Obviously, D is countable. It remains to show that this set is dense in X. Suppose otherwise that X = (D). So X \ (D) is a nonempty open subset in X. By assumption, there is a nonempty compact G δ set K n such that x n ∈ K n ⊆ X \ (D), which is contraction. Hence X = (D). This proves that X is separable.
Lemma 2.9 (Folklore). Let (X, τ ) be a second countable topological space with a countable base B. The Borel σ-algebra σ(τ ) is equal to the σ-algebra generated by B.
Proof. Since each element in B is open, then B ⊆ τ and so σ(B) ⊆ σ(τ ). For other direction, let U be an open subset of X. Then U can be written as a union of countably many elements B i ∈ B. That is
Therefore U ∈ σ(B). Hence σ(τ ) ⊆ σ(B) and so σ(B) = σ(τ ) Lemma 2.10. Let (X, τ ) be a second countable topological space and let B be any its basis. Then σ(τ ) = σ(B).
Proof. The first inclusion is immediate. That is σ(B) ⊆ σ(τ ) as B ⊆ τ . For other direction, since X is second countable, the base B contains a countable base B 0 , say. By Lemma 1, σ(τ ) = σ(B 0 ) ⊆ σ(B). Thus σ(B) = σ(τ ). Proposition 2.2. Let µ be a strictly positive uniformly regular measure on a metrizable space X. Then σ(B) = σ(τ ), where B is any basis for the topology τ on X.
Proof. According to Proposition 1.1, X is separable. By [18, Theorem 16.11], separability implies second countability for metrizable spaces. Hence the result by Lemma 1. From Lemma 1 and Proposition 1.2, we obtain Theorem 2.12. Let µ be a strictly positive uniformly regular measure on a metrizable space X. Then the σ-algebra generated by Jordan algebra contains the Borel σ-algebra, i.e. B ⊆ σ(J ). Remark 2.13. Note that in the above result, we have the problem with subsets of null sets, they are always Jordan measurable (with respect to the given measure) but not Borel. So if we assume the measure to be complete, we will have J ⊆ B and hence σ(J ) ⊆ σ(B) = B.
From this remark, we have the following corollary:
Corollary 2.14. Let µ be a strictly positive uniformly regular complete measure on a metrizable space X. Then the σ-algebra generated by Jordan algebra is exactly the Borel σ-algebra, i.e. B = σ(J ).
Definition 2.15. [16] A measure µ on a compact Hausdorff space X is said to be countably determined if there is a countable family K of compact subsets of X such that for each open set U ⊆ X and each > 0, there is K ∈ K with K ⊆ U such that µ(U \ K) < .
Proposition 2.3. Let µ be a strictly positive countably determined complete measure on a compact Hausdorff space X. Then the σ-algebra generated by the family K is exactly the Borel σ-algebra, where K is a family of compact sets that makes µ uniformly regular on X.
Proof. Observe that a family K of compact sets that makes µ uniformly regular is countable. Then K ⊆ B, thus σ(K) ⊆ B. To prove the reverse of inclusion, let U be an open set in X. By assumption, for each > 0, there is a compact set K ∈ K such that K ⊆ U and µ(U \ K) < 0. Therefore,
Note that if for any case, there exists x ∈ U but x / ∈ K, ∀K ∈ K, we can add a compact set {x} to some K ∈ K and refine our collection. Therefore U ∈ σ(K), so B ⊆ σ(K). Hence B = σ(K). We are done.
Since, easily, one can show that every uniformly regular measure is countably determined, so the following result can be obtained: Proposition 2.4. Let µ be a strictly positive uniformly regular complete measure on a compact Hausdorff space X. Then the σ-algebra generated by the family K is equal to the Borel σ-algebra, where K is a family of compact G δ sets that makes µ uniformly regular on X. Theorem 2.16. Let µ be a strictly positive uniformly regular complete measure on a compact Hausdorff space X. Then the σ-algebra generated by Jordan algebra is exactly the Borel σ-algebra. That is B = σ(J ).
Proof. Let K be a countably family of compact G δ sets that makes µ uniformly regular. By [2, Proposition 4.3.2 (2)], the algebra A generated by K is a generator for J . That is K ⊂ A ⊂ J . Therefore, by Proposition 1.4, σ(K) = B ⊂ σ(J ), and the other inclusion follows from Remark 1. Hence, σ(J ) = B.
Lemma 2.17.
[9] For a point x in a space X, then the Dirac measure δ x is uniformly regular if and only if x is G δ , the intersection of countably many open sets.
In Theorem 1, uniform regularity and completeness of measure cannot be removed, as shown in the following examples:
Example 2.18. Consider the completion of the measure µ given in Example 1. Then µ can be seen as the Dirac measure for the point ω 1 on the Borel σ-algebra of subsets of X. To prove that µ is not uniformly regular, by Lemma 1, it is enough to show that {ω 1 } is not G δ . Let {[a n , ω 1 ] : n < ω} be a countable collection of (basic) open sets in X containing ω 1 . Let a > a n for all n < ω. This implies that [a, ω 1 ] ⊆ n<ω [a n , ω 1 ] and so n<ω [a n , ω 1 ] = {ω 1 }.
Hence {ω 1 } is not G δ , and σ(J ) = B 0 = B. It is known that elements of J µ (X) are measurable classes, for more details, see [2, Section 3, Chapter 3]. Definition 3.2. The σ-algebra generated by Jordan measure algebra is defined by
Notice that, in general, J µ (and even σ(J µ )) is not complete as a Boolean algebra, see [2, Lemma 3.3.9(2)]. Proof. Let µ be residual. By Theorem 1, J contains the Borel σ-algebra B, which implies that J is a σ-algebra. By [11, Note 3, Page 169], J µ (forms a measure algebra) is complete.
Conversely, assume that J µ is complete. We need to show that µ is residual. Suppose otherwise that µ is not residual, without loss of generality, there is a closed nowhere dense set N such that µ(N ) 
Conclusion
Discussing the Jordan algebra J and the σ-algebra generated by it, σ(J ), we have seen that generally none of these algebras contain the Borel σ-algebra B. We have shown if a measure µ on a compact Hausdorff space X is residual Rodan (resp. complete uniformly regular) that J (resp. σ(J )) contain B. Moreover, we have recalled that, in general, both Jordan measure algebra J µ and the σ-algebra generated by it, σ(J µ ), are not complete as Boolean algebras. We have proved that if a measure µ on a compact Hausdorff space X is residual Rodan (resp. nonatomic uniformly regular), then J µ (resp. σ(J µ )) is complete.
